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V.		Universals	of	the	logical	vocabulary	and	what	might	
explain	them:	learnability	and	communicative	utilityi‐Readings	
 
Some properties of simple elements with logical meanings: 
 
 One-word determiners are monotonic	 (upward or downward entailing), 

isomorphism‐invariant (only quantity-dependent), and conservative (only look at 
the set denoted by the first, NP argument). 
 

 Most quantifiers are connected (convex; they don’t have gaps), similarly to noun and 
adjective meanings. 
 

 NAND	(=not	both)	and	NALL	(=not	all)	are	not	attested connectives/quantifiers; 
inventories are generally restricted. 

 
What individual meanings and inventories can be lexicalized? Some recent explanations: 
 
Monotonic (by extension, connected) and isomorphism-invariant determiner meanings 
are more	 easily	 learnable (by artificial learners). Conservativity is not a learnability 
issue; it is probably a syntax/semantic interface issue, not of lexicalization.  
 

Chemla, Buccola & Dautriche 2018, Connecting content and logical words; 
 

 Steinert-Threlkeld & Szymanik 2019, Learnability and semantic universals 
 
Only inventories with optimal	informativeness/complexity	trade‐off (communicative 
utility) are attested. Scalar implicatures are critically figured in, and there is a further, as 
yet unexplained commutativity constraint.   
 

 Uegaki 2022, The informativeness/complexity trade-off in the domain of Boolean 
connectives. Linguistic Inquiry. 
 

Natural languages have simple lexicalized forms for the logical connectives AND [pq], 
OR [pq], and NOR [( pq)], but not for NAND [(pq)]. Why? 
	

 Denić, Milica, Shane Steinert-Threlkeld & Jakub Szymanik. 2022. Indefinite 
pronouns optimize the simplicity/informativeness trade-off. Cognitive Science 46. 
https://doi 1111/cogs.13142.  
 

Haspelmath’s 1995 semantic maps of indefinite pronouns: 40 distinct cross-linguistic 
inventories -- why these? 
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 The	informativeness/complexity	trade‐off	in	the	domain	of	Boolean	

connectives.	Wataru Uegaki 2022,	Linguistic Inquiry (Advance Publication) 
 

This part of the handout consists of quotes from Uegaki 2022, so “I” = Uegaki himself. 

 
1	Introduction	
 
In a recent study, Steinert-Threlkeld (2019) has shown that properties of natural language 
quantifiers follow the pattern predicted by the trade-off model.  

Similarly, Denić, Steinert-Threlkeld, & Szymanik (2020) show that the model predicts 
known	 typological	 generalisations	 in	 the	 domain	 of	 indefinite	 pronouns due to 
Haspelmath (1997).  
 
Present analysis takes theoretical insights from Horn	(1972) and Katzir	and	Singh (2013) 
(K&S).  In a nutshell, the lack of NAND follows if languages optimise	 the	 trade‐off 
between (a) simplicity of the lexicon measured by the number of metalanguage symbols 
necessary to express the meaning of the connectives and (b) informativeness of the 
lexicon measured by the fine-grainedness of the semantic space partitioned by the lexicon, 
given	scalar	implicature.	
 
Follow K&S, but also diverges	from it in important respects. First advantage, it explains 
the absence of several unattested inventories that are not ruled out by K&S. Second, it 
replaces K&S’s hypotheses about lexicalisable combinations of primitive semantic 
elements with a separate set of hypotheses, i.e., one in terms of the optimal	 trade‐off 
between complexity and informativeness and one in terms of commutativity of 
lexicalisable connectives. 
 
Aristotle’s	square	of	opposition	(for	quantifiers	and	connectives)	
	
AND	 	(A)	 	 	 	 										 NOR					(E)	

		 	 	 unattested	in		
OR	 (I)	 	 	 	 =	nall	 	NAND			(O)	 	 lexicalized	form	
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2	Informativeness/complexity	Trade‐off	as	a	Model	for	Semantic	Universals	
	

 
 
Kemp, Xu, and Regier (2018) re color terms and kinship terms: two pressures shape 
semantic systems in general: SIMPLICITY and INFORMATIVENESS.  
 
SIMPLICITY is a preference for a simpler system that requires less cognitive cost.  
 
INFORMATIVENESS is a preference for a more informative system that ensures that the 
meaning intended by the sender is accurately recovered by the addressee as much as 
possible.  
 
These two pressures compete with each other. The simpler a system is, less guarantee 
there is that the intended meaning can be accurately recovered. The more informative and 
fine-grained a system is, more complex it is.  
 
This situation is schematically represented in Fig. 1. The dots in the figure represent 
semantic systems ranked by their simplicity and informativeness. The region without dots 
is not reachable because it would involve a degree of informativeness without its necessary 
cost for simplicity in a human language.  
 
The model states that natural	semantic	systems	reside	in	the	region	represented	by	
the	 blue	 dots, i.e. ones that make an optimal	 trade‐off between simplicity and 
informativeness. 
 
The languages may	differ	depending	on	how	they	make	the	trade‐off (how much they 
sacrifice simplicity for informativeness),  
 
but the variation is constrained in that all	 languages	 lie	 in	 the	 optimal	 frontier	
represented	by	the	blue	dots.	 	

blue dots circled at the edge 
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3	Existing	Accounts	
	
Why no NAND, Horn (1972) via Katzir & Singh (K&S 2013): 
 
(1) a. Gricean	Condition:  

Let X	and Y	be two inventories of logical operators in the Aristotelian square of 
opposition (i.e., AND, OR, NOR, NAND) that cover the same semantic space.  
If	Y			X,    X	cannot be lexicalised. 
 

       b. Negation	Condition: 
Let X	and Y	be two inventories of logical operators in the Aristotelian square of 
opposition (i.e., AND, OR, NOR, NAND) that cover the same semantic space.  
If	X	contains	more	instances	of	negation	than	Y,    X	cannot be lexicalised. 

 
(2) Semantic	Coverage with scalar implicature: 
												 X	COVERS z	if z	is	either	a	member	of	X	or 
  the	scalar	implicature	of	some	member	of	X.	
	
 
 * 
	
(3) The four corners of the square:  {AND,	OR,	NOR,	NAND}	
	
From the perspective of the Gricean Condition, this inventory  (3)	 is	sub‐optimal. The 
same semantic coverage can be achieved by an inventory with fewer operators, e.g., (4):  
 
(4) {AND,	OR,	NOR}	
	
That’s because OR can implicate NAND given the presence of the stronger alternative AND 
(which can be negated). 
 

* 
 
Horn argues that the Gricean	 Condition	 (1a)	 is	 necessary	 but	 not	 sufficient as an 
explanation for the absence of NAND.	Consider (5): 
 
(5) {AND,	NOR,	NAND}	
	
This inventory  (5) can achieve the	same	Semantic	Coverage	as	(4) (or (3)). This is so, 
because NAND in (5) can implicate OR, given the presence of the stronger alternative NOR.  
Hence we need the Negation	Condition	(1b). 
 
 * 
The other two possible three-membered inventories do not achieve the same Semantic 
Coverage as the four-membered inventory, even with scalar implicature: 
 
(6) a. {AND,	OR,	NAND}	does not cover NOR          (b/c NOR is stronger than NAND).      
        b. {OR,	NAND,	NOR}	does not cover AND         (b/c AND is stronger than OR). 
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Katzir and Singh (2013) point out that Horn’s (1972) account does	not	extend to broader 
typological patterns involving Boolean connectives outside	of	the	four	corners, e.g. the 
lack	of	XOR (=exclusive disjunction). 
 
Following Keenan and Stavi’s (1986) account of determiner meanings, Katzir & Singh 
stipulate that a	connective	meaning	may	consist	of	a	disjunction	or	a	conjunction	and	
a	negation	optionally	applied	to	it.	This	excludes	XOR.	On top of this, the two conditions 
in (1) operate on inventories consisting of the four corners that are in principle allowed by 
the building blocks. This	 rules	out	 e.g.	 the	 four‐member	 inventory {AND,	OR,	NOR,	
NAND}.  
 
Issues remain. So far we could have an inventory with a Semantic	 Coverage	 that	 is	
smaller	 than the Aristotelian four corners. In particular, the following inventories are 
predicted to be possible by Horn/K&S: 
 
(7)  a. {AND,	OR}	 		 	 b. {AND}		 	 	 c. {OR}	
	
Each of these inventories is the most optimal one in view of Horn’s two conditions among 
the ones with the same semantic coverage. This is a welcome	prediction, since all the 
inventories in (7) have been reported to exist.  
	
However, for the same reasons why (7a-c) is predicted, (8a‐g)	is	also	predicted. 
 
(8)     a. {AND,	NAND}							b. {AND,	NOR}												c. {OR,	NOR}	

 d. {OR,	NAND}										e. {NOR,	NAND}									f. {NAND}														g. {NOR}	
	
Each of these inventories is the most optimal combination of connectives from the point of 
view of the two conditions in (1). In fact, aside from {NOR,	NAND}, each inventory in (8) is 
the only one that has the specific Semantic Coverage that it has. (while {NOR,	NAND}	has 
the same Semantic Coverage as {OR,	 NOR,	 NAND}	 due to the fact that NAND scalar-
implicates OR).  
 
To my (Uegaki’s) knowledge, none	of the inventories in (8) is reported. 
 
The accounts based on the two conditions in (1) are similar to the informativeness/ 
complexity trade-off model at its conceptual level.  
 
I will give a concrete reformulation	of	Horn/K&S’s	account	within	the	trade‐off	model.  
It will overcome the empirical issue with (8), and allow more general comparisons 
between inventories with respect to their fitness for lexicalisation.	 	
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4	Informativeness/complexity	Trade‐off	for	Boolean	Connectives	
	
[The	discussion	in	this	handout	is	more	detailed	than	what	we	have	time	for	‐‐	AS.]		
	
• Complexity	 of an inventory is measured by the sum of the number of symbols in 
Propositional Logic containing ￢, v, and 	necessary to represent all connectives in the 
inventory. 
 
• Informativeness	 of an inventory is measured by the likelihood that the meaning 
intended by the sender is accurately recovered by the addressee, given	scalar	implicature. 
 
The hypothesis is that natural inventories are PARETO‐OPTIMAL with respect to 
informativeness and complexity.  
 
 An inventory is Pareto‐optimal	with respect to two measures iff,  

given its value in one measure,  
no other inventory improves on it with respect to the other measure;  

 
that is, iff we cannot find  
another inventory L′	that is as simple as L	but is more informative than L,		
nor another inventory L′′	that is as informative as L	but is simpler than L. 

 
 
 
 
In line with K&S, complexity is measured under the assumption that negation	 (￢),	
disjunction	(v),	and	conjunction	()	are	the	only	primitive	building	blocks.		
 
Also, scalar	implicature	is	taken	into	account in the measurement of informativeness, 
following Horn/K&S’s idea that scalar implicature feeds Semantic Coverage. 
 
 
 
 
Unlike K&S, the new model will not preclude any logically possible Boolean connective 
from the set of in-principle lexicalisable connectives (though I will consider restricting 
lexicalisable connectives to commutative ones in Sect. 4.3.2.).  
 
For example, the connective XOR is included as an in‐principle	lexicalisable connective that 
the model considers when it calculates the trade-off between informativeness and 
complexity of various inventories. 
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4.1	The	Model	of	Boolean	Connective	Inventories	
	
I formally represent the semantics of each connective as a subset of the four-world 
universe W	:= {w1,w2,w3,w4}.  That is, for each connective c	in	CON, 
[[c]] = the set of worlds w such that column c	has value 1 in row w	in Table 1. 

	
	 	 	 	 1=	True,	0	=	False	
	
The set L	of all poss. inventories has 216 −	1 = 65,	535 members, L	:= Pow(CON) −	∅. 
 
Complexity	of	an	 inventory: simply	summing	up	the	 length	of	the	 formulas	 in	the	
inventory.		
 
Below are some examples. These have the same coverage, so simplicity matters: number 
of connectives and number of negations.  
 
C({AND, OR, NAND, NOR}) = 3 + 3 + 4 + 4 = 14.         (includes the connectives + p + q) 
C({AND, OR, NOR}) = 3 + 3 + 4 = 10 
C({AND, NOR, NAND}) = 3 + 4 + 4 = 11 
	

gth 
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4.2	Informativeness	
	
Fox’s (2007) for scalar implicatures of p vis-a-vis a set A of alternatives: conjunction of p 
with the negations of the stronger alternatives (that can be negated w/o contradicting p,	
i.e. it is Innocently Excludable (IE))):  
	

 
 

 
The informativeness	of an inventory L	is then measured using communicative	success, 
based on  
     the	speaker’s	intended	message	(represented as a particular possible world) w,  
     the addressee’s	interpretation	w′,	
     and the utility	(u)	of	interpretation	w′	given	w.	

	
Informativeness of L is defined as follows: 

 
 
This allows an intuitive characterisation of informativeness that penalises both non-
specificity in meanings and semantic overlaps between different expressions. 
 

I will assume flat	priors	and	flat	conditional	probabilities	based on the strengthened 
meanings of the connectives.  
 

Thus, the prior probability P(w), i.e. for w to obtain, = 1/4 for every w		W.   
 
P(c|w) is the conditional probability of the speaker truthfully uttering c	given that 
they know they live in world w. 
 

I will assume a	binary	utility	function	that assigns 1 if w=w’ (the intended message is 
recovered), and 0 otherwise. 
 

Now	(13)	to	be	simplified	(see	endnoteii): The	informativeness	of	an	inventory	is	the	
sum	of	the	probabilities	of	communicative	success	in	the	4	worlds,	multiplied	by	the	
flat	prior	probability	1/4.		
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Figure 2: Strengthened meanings for  

 
(a) {AND, OR}     (b) {AND, P, Q}      (c) {AND, OR, XOR}    (d) {AND, OR, NOR} 
             and {AND, NAND, NOR} 

where     w1:  p is true and q is true 
w2:  p is true and q is false 
w3:  p is false and q is true 
w4:  neither one is true 
 

 First, suppose we have L	= {AND,	OR}	as our inventory. 
We have [[AND]]+L	= {w1}					and      [[OR]]+L	= {w2,	w3}	

 
i) If speaker intends w1, they can only choose AND to convey this [P(AND|w1) = 1].  
            AND can only be interpreted to convey w1 [P(w1|AND) = 1].  
											Thus,	the	probability	of	comm.	success	given	that	the	speaker	intends	w1	is	1. 

 
ii) If the speaker intends w2,  they can only choose OR to convey this [P(OR|w2) = 1].  

OR can be interpreted to convey w2 or w3.  
The communication will be successful only if the addressee interprets the 
message as w2 [P(w2|OR) = 1/2 ].  

										 Prob.	of	comm.	success	given	that	the	speaker	intends	w2	is	1	·	1/2	=	1/2.	 
 
iii) If the speaker intends w3, same as (ii), i.e. 1/2. 
 
iv) If the speaker intends w4, they have no good choice, i.e. 0. 
 
As above, the informativeness of the inventory {AND, OR} is the sum of the probabilities of 
communicative success in (i)+(ii)+(iii)+(iv), multiplied by the flat prior probability 1/4 
(=each w is equally probable). 
	
We	thus	have	I({AND,	OR})	=	 	1/4(1	+	1/2	+	1/2	+	0)	=	 	1/2	.	
	
 Next, consider L′	= {AND,	P,	Q }....   I(L’)=3/4.  

More fine-grained strengthened meanings, more informative. 
 

 Finally, let us consider L′′	= {AND,	OR,	XOR}.  
In this case, scalar implicature does not strengthen any of the connectives. Overlap in 
meanings, less informative than L. The overall informativeness for L′′	turns out to be 
I(L′′) = 0.375. 

 This informativeness measure replicates the prediction of the Fox/K&S model 
regarding the equivalence in Semantic Coverage between {AND,	OR,	NOR}	and {AND,	
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NAND,	NOR}	 due to the fact that the sets of strengthened meanings of these two 
inventories turn out to be the same (see Figure 2(d)). 
 

 
4.3	Model	predictions,	by Python script to generate the complexity and informativeness 
values of all 65,535 inventories of Boolean connectives, as per measures above. 
 
4.3.1	Four‐corner	Inventories 
 

 
 
Predicts {AND,	OR,	NOR}, {AND,	OR}, {AND}, and {OR} to be the P-optimal inventories.  
 

(Section 5) Without	scalar	implicature, 
the informativeness value for {OR, AND} 
(= 0.325) will be lower than that for {OR, 
NOR}, {AND, NOR}, and {AND, NAND} 
making the latter inventories Pareto-
optimal among the four-corner ones.  
 

To my knowledge, none of these is 
attested in the typological literature. 
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As discussed in Sect. 3, all of these inventories are reported to exist in a natural language. 
Furthermore, the current model overcomes one of the empirical problems with the 
Horn/K&S account, as the current model predicts that no inventories other than the above 
four are Pareto-optimal.  
 
For example, although the Horn/K&S account predicts {NAND}	to be an inventory that can 
in principle be lexicalised (see Sect. 3), the current model rules out {NAND}	since it is more 
complex than {AND}	and {OR}	which are equally informative. 
 
In other words, our measure of informativeness is general enough to compare the whole 
range of inventories (allowing us, for example, to equate the informativeness of {NAND} 
with that of {AND} and {OR}, whereas Horn/K&S’s notion of Semantic Coverage is not 
general enough to allow similar comparisons across inventories. 
 
 
4.3.2	All	Possible	Boolean	Connective	Inventories	
	
(16)  a. Non‐commutative	connectives	

P, Q, NOTP, NOTQ, →, ←, ONLYP, ONLYQ 
 

b. Commutative	connectives	
TAU, CONT, OR, ↔, AND, NAND, XOR, NOR	

 
 
Gazdar (1979) in particular has shown that the commutative constraint giving (16b)  is 
derived once we take connectives as a function that takes a set	(rather than a tuple) of truth 
values as its argument, following an earlier suggestion by McCawley (1972). Following 
these authors, I take it as a viable hypothesis that natural language connectives are always 
commutative although I have to leave open the exact explanation.  
 
TAU is trivial, which rules it out. 
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Conclusion		
	
I have reformulated an existing explanation of	the	cross‐linguistic	absence	of	NAND, by 
employing	the	informativeness	/	complexity	trade‐off	model, which has been proposed 
as a general model for semantic universals.  
 
According to the reformulated account, inventories of connectives in natural languages 
optimise the trade-off between informativeness	 (measured in terms of the notion of	
communicative	success,	given	scalar	implicature)	and complexity	(measured in terms 
of the	number	of	symbols	required to express the connective meanings in	Propositional	
Logic. 
 
Within the restricted class of inventories consisting of connectives in the Aristotelian four 
corners (AND, OR, NAND, and NOR), the model makes empirically accurate	predictions: 
it predicts that none of the possible inventories that make the optimal trade-offs involve 
NAND.  
 
Moreover, it predicts all and only empirically attested inventories, i.e., {AND}, {OR}, {AND,	
OR}	and {AND,	OR,	NOR}, to be the optimal inventories in the class.  
 
This is an	improvement over Horn (1972) and Katzir and Singh (2013), who predict some 
of the unattested inventories to be in principle realisable in a natural language. 
 
The model is generalisable to all possible combinations of 16 Boolean connectives 
(66,535 in total). The empirical	validity	of the model seems to be mixed:  
 
On the one hand, none	 of	 the	 inventories	 that	 are	 optimal	 in	 the	 relevant	 sense	
includes	NAND, giving further support to the idea that its cross-linguistic absence is 
explained in terms of the general notion of informativeness and complexity.  
 
On the other hand, the optimal	 inventories	 include those with connectives that are 
arguably non‐existent in natural language, such as the material implication →.  
 
However, if we restrict	our attention to the class of inventories that contain commutative	
connectives (255 in total), the	Pareto‐optimal	inventories	turn	out	to	be	precisely	the	
four	 attested	 inventories plus one unattested inventory {TAU,	 OR,	 AND}, which is 
arguably ruled out given an independent restriction against logically trivial meanings. 
 
A proof of concept for an account of semantic universals in the domain of connectives 
based on the informativeness/complexity trade-off model, along with similar recent 
studies in other domains of logical/functional vocabulary (Steinert-Threlkeld, 2019; 
Carcassi, 2020; Denić, Steinert-Threlkeld, & Szymanik, 2020; Enguehard & Spector, 2021). 
Empirical underpinnings of parameters affecting the model and the extent of their domain-
specificity, as well as the model’s compatibility with grammar-internal explanations of 
semantic universals (e.g., Romoli, 2015). 
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 Denić, Milica, Shane Steinert-Threlkeld & Jakub Szymanik. 2022. Indefinite 
pronouns optimize the simplicity/informativeness trade-off. Cognitive Science 46. 
https://doi 1111/cogs.13142.  

	
Denić, Steinert-Threlkeld and Szymanik (2021) apply the same notion of Pareto-optimality 
to a very different domain, Haspelmath’s (1997) semantic maps of indefinite pronouns. 
Based on a closely documented set of 40 languages, selected from a wider sample of 100, 
Haspelmath recognizes 9 distinct functions that are lexicalized by indefinite pronouns. The 
functions form an implicational map in the sense that each item must lexicalize a contiguous 
subset of those functions.   
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The construction of the implicational map and its instantiation in 40 languages represents a 
major achievement whose results have been a treasure trove and a source of inspiration for 
decades.  
 
Especially interesting and provocative is the fact, pointed out by Haspelmath, that each of 
the 40 languages instantiates the map differently (with inventories of at most 7 distinct 
pronouns). Haspelmath proposes a theory of features and adds some auxiliary constraints to 
the main contiguity constraint to characterize the attested inventories.  
 
In order to analyze and compare the inventories in terms of the simplicity/ informativeness 
trade-off, Denić and colleagues undertake the non-trivial task of translating Haspelmath’s 
functions, some of which are purely semantic while others encode syntactic distribution, into 
a set of 6 flavors and adjudicate the assignment of multi-functional items to flavors.  
 
They find that the attested maps, diverse as they are, are all situated at the Pareto-frontier.  
 
They conclude that natural languages optimize that trade-off in their indefinite pronoun 
inventories, and some of the cross-linguistic variation is due to the languages finding 
different solutions to the problem of optimization. “This suggests that the simplicity/ 
informativeness tradeoff optimization may explain some of Haspelmath’s universals. A 
question that remains for future work is to find out which of Haspelmath’s universals can be 
explained with the tradeoff optimization: it is conceivable that only a proper subset of them 
can, and that the rest need a different explanation.” (Denić et al. 2021, p. 23 of 26).   
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L(w) ≔ the set of connectives c’ in the inventory such that c’ on its strengthened 
meaning is true in w. 
 

 
 

 
 


